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Parametrization of complex 4x4- matrices G in terms of Dirac tensor parameters 
OO ' {A,B,Ai,Bi,Fki) or equivalent fom complex 4-vectors {k,m,n,l) is investigated. In 

. the given parametrization, the problem of inverting any 4x4 matrix G is solved. 

^Sj I Expression for determinant of any matrix G is found: det G = F(k,m,n,l). 

[T , ! 1 Introduction 

In the context of group theory, the Dirac matrices-based approach was widely used in physical 
context: Macfarlane Hermann [4J, Kilhberg [5]. Mack-Todorov [7], ten Kate [3], Mack 

- Salam [6], arut - Bohm [8], Mack ^U\, Barut - Bracken [9]- [II]. Barut - Zeni - Laufer p^ . 
Gsponer [l3], Ramakrishna ~ Costa [T^. However, usually they exploit only general properties 
Oh| of Dirac basis to parameterize 4x4 matrices. In the present paper we consider three problems 

(— I ' linked to Dirac matrices based approach: 



(N 



1) Dirac matrix basis and multiplication in GL{A.C) 
^ ' 2) Inverse matrix G^^ 

. 3) Determinant [ G | in the Dirac parameters 

■ the problems are rather labarous technically, but result seem to be important for applications. 

a\ 

^ ■ 2 Dirac matrix basis and multiplication in GL(4.C) 

o ■ 

Any complex matrix G € GL(4.C) can be resolved in terms of 16 Dirac matrices: 
• 1—1 . 

^ : G = AI + iB-i^+iAi-i^ + Bi 7^7^ + i^mn (Jmn , (1) 



the notation is used 

7V + 7V = 2g'^\ g'^' = diag(+l, -1, -1, -1) , 

75 = -i70^1^2^3 ^ ^ 1 (^a^6 _ ) _ (3) 

16 coefficients may be taken as independent parameters in G-L(4.C). To establish the compo- 
sition law for parameters one should multiply any two matrices of the type ([T|) and the result 
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obtained is to be decomposed again in terms of Dirac matrices: 

G' = A'I + iB' 7^ + iA!^ 7*^ + B'j, 7^^ + a'^ , 
G = AI + iBj^ + iAij^ + Bi 7^7^ + F^n <t"*" , 
G" = G'G = A" 1 + iB" 7^ + iA'l 7' + B'{ j^j^ + amn ■ 



G" = 1 A'A + iA'B 7^ + iA'Ak 1^ + A'Bj, 7^^ + ^'^cd (y"'^ 
+iB'A 7^ -B'B 1 + B'Ak 7^^ - iB'Bk -f^ + iB'Fcd a'S' 
+iA',A 7^= - A;^^ 7^5 _ A'.Ai 7S' + i^lt^i tS't' + i^^^^cd V^"' 
7^5 + 7*^ - iB'^Ai 7S'7' - -Bi^^i 7^' + B'lF^ 7' ^'S' 

a-" + iF^^^B a-"7' + ^i^n^fc '^"^"t' 



(3) 



We need some subsidiary relations, they are well known but for more completeness let us 
specify some details. The main formula, base for calculation with Dirac matrices, look as follows 



a b c 
111 



a be 

1 9 



b ac I c ab I ■ 5 abed 

19 +19 +tl e 7rf 



7' = -n°7S'7' = ^ ^abcd 7"7V7'' 



^0123 



+ 1 



(4) 



There are several evident formulas: 



7"7' 



I 9' 



ab 



2& 



ab 



also 



a 7 



^ ^abkl „ 



„,5 ^ab 

7 a 



^ ^abkl „ . 



(5) 



also 



^abkl 



7 7 7 = (5 + ^cr j 7 = 5 1 - 1 (- ctm 



777=7 (5 +^0- j=C? 7 



(6) 



From identity 



1 

4 L 



,/ „ed 



19 



l'o'^ = -i {I'l^-lH) 



^Cgld ^ ^dgle ^ i^\lcds^^ _ ^Igde ^ ^dgle 



il^e^'^^'ls 



it follows 



7 a 



le d 

9 1 



Id c , -5 Icds 

g J +ij e 7s 



(7) 



in the same manner 



^mn^k 

a 7 



1 
2 



(8) 
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There are two similar formulas with involved 7^: 



1 

2 L 



a 77 



(9) 



Finally, we need one other combination 



—mn^cd ^ „m (^ncd\ ^ „n m ^cd\ 



m, / nc d nd c , ■ 5 ncds \ n i mc d md c , • a 

7 (9 1 - 9 1 +11 e 7s)-7 [9 1-9 1 +il e 



5 rricds. 



Is 



1 



(5 11-9 1 1 ) - [9 11-9 1 1 ) - [le sill 
which gives 



le 



mcd „,n„,s„ ,5 



7"7^7'') 



{ [ 9'"'{9""^ + 2a"''^) - + 2^7"*^) ] 



s 

1 



mc nd „'md nc\ 



^mncd .,5 



CTkl ) }• 



ncd mkls 



CTkl 



mcd nkls 



Further, using the known identity 



,ncd ^mkls ^ 
e s ^ '^kl 



gmn gVnd 

gfCT^ glCC gfcd 

gin glC gld 



(^kl 



after simple calculation we get 



„mn cd 

a a 



^mncd „,5 
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[ - g'^'^gn - {9"''9'"' - g'^'^gn ] 

nc^md „n,d^nic\ I „nic nd „nid nc\ 



Prom ([3]) we arrive at 



G" = G'G = A" 1 + iB" 1^ + iA'l 7' + B'{ i^i^ + Umn 
= A'AI + iA'B 1^ + iA'Ai 7' + A'Bi i^i^ + A'Fki a^^ 
+iB'A 1^ -B'BI + B'Ai 1^1^ - iB'Bi 7' + iB' F^d e''^^^ gm 



+ij^^A y - A[B i'r> - Pl,Ak{g'^ + 2a''=) + lA^.B^ {g'^i 



lk^,5 ■ Ikmn \ 



(10) 
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+B[F,a \ [ (^'^tS' - 5"7^7') - ^ e'""' 7s ] + i^L.^ 

i [ iY^'^'f''' ~ 7"7'5™') - i e"*"'^ 7s ] 

+i4ni^cd {I [ ig'^'g""' - g'^'gn - (ff"^^^"" - g'^'^gn ] 

In the first place, expression for two scalars are produced: 

A" = A' A-B' B- A'l A^ - B[ 5' - ^ F'^i F^^ , 
B" = A! B + B' A + A'l B^ - B'l A^ + ^ F^a e"""""^ . 

Now, from 

iA'l y = iA'Ai 7' - iB'Bi Y + zA'iA 7' + iA'^F^ i {g'^Y - iH) + iB[B V 
-iB[F^ \ e^'^"^ 7. + iFLAk \ (7"*5"' - 7^"^') - \ F^^B^ e^^^^ 7. , 



and 

7S' = A'Bi 7^' + 7S' - ^iB 7S' + ^Ji^cd \ e^"^' Isl^ + B[A V7' 
+B[F,a \ ig'Vl' - g''g'l') + \ FLn^k e^^^^ 7^7' + \ F^Bk (7™7'5"' " Y'^'g"'') 
it follow expressions for A'^' and B^": 



= A'Ai-B'Bi + A'iA + B'l B + A'*^ F^i 

^ jdI TP ^ kmn , ^ 
- 23^ l^mn t/ -I- - 



Finally, because 



5f = A'Bi + B'Ai-A'iB + B'l A + B'" F^ 

■ TTi/ rjfc I /I' ZT" Mmn I 171/ /( ^mnk 
+^lk -fc* + 2 ^fc -^"i" ^ i + 2 ' ■ 



„mn TTI /I ' I? ^^n^i I d' IT" ^cdmn „ o /I ' /I i /I ' c? Jkmn „mn 

-B'lAk e'^"^" - 2B'^Bn a^^^ + F^^^A a^^ + \ F',,iB e^'^^ Omn 
+\ FLnFcd [ (5"V-<^ - g^^a^'') - {g^'a^^ - g^^a^ ] , 



the tensor quantity is 



mn 

A' T3 Jkmn tdI a Ikmn 



kl 



kl 



'^{■^mk ^ n ^nk m) • 



(15) 



Thus, multiphcation law for the group GL(4.C), and all its sub-groups are described by one 
the same formula: 

G'G = A"I + iB" 7^ + iA'l 7' + B'{ 7^7^ + , 

A" = A! A-B' B- A'l A^ - B[ Fl^i F^' , 

B" = A' B + B' A + A'l B^ - B[ A^ + ^ F^^ F^a e'""'''' , 



+FiA'^ + t.B'^ F^n ei + ^ B^ 6, 



mnk 



A'{ = A'Ai-B'Bi + A'iA + B[ B + A'^F^i 

2 ^k ^mn + - 

B'l' = A'Bi + B'Ai-A[B + B[ A + B'^ F^ 

\TP' A' TP ^kmn I ^ ipl A ^mnk 

+^lk ^ + 2^k ^mn £ Z + 2 ^ mn ^k ^ I , 

^mn ~ ^ ^mn + ^mn ^ ~ (^m ~ ^m) ~ (-^m -^n ~ -Bj^) 

_L /I' D Jkmn T3I A Jkmn 1 ^ t3' TP ^kl _i_ ^ TP' T3 ^kl 
+Ai Bk€ - Bi Ak€ + - B i<ki e + ^^kl B e 



~^(-^mfe n P-nh F 



nk ml 



(16) 



3 Inverse matrix G ^ 

Let a matrix G is given by 



G = 



+ {ko + k3) 
+{ki+ik2) 

-ik + h) 
-{h+ih) 



+ {ki- 



ik2) 
-k3) 



-{h - ih) 
-{lo-h) 



+ (no - ns) 
— (ni + in2) 

+(mo - ms) 
— (toi + im2) 



-(ni - m2) 
+(rao + "3) 

— (mi — ^777,2) 
+(mo + ma) 



For inverse matrix we have general expression 

G-^ =1 G 



Let us find {ko) ^ and (/ca) ^: 
2det G 





^11 


A2I 


A3I 


Ail 


-1 


^12 


A22 


A32 


A42 




^13 


A23 


A33 


A43 






A24 


A34 


A44 



(ko)- 



A 



11 



22 



2detG 



(^3)-^ . 



(17) 



(18) 



(19) 
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Cofactor An is 



Cofactor A22 is 



^0 - ^3 -ni - in2 
An = -h + il2 mo - ms 

-^0 + ^3 - 11712 

{ko - h) (mm) + (no + ns){li 



no + ns 
-mi + im2 
mo + ms 
il2){mi + im2) 



A 



-{lo - h)(ni + m2)(mi - im2) 
-{mo + ms){li - il2)ini + in2) 
+(Iq - h){'mo - mz){no + nz) , 



ko + fca no - m — ni + in2 
-lo - h mo — 7713 -"mi + im2 

-li — il2 —mi — im2 mo + m^ 

{ko + fca) (mm) + (no - n3){li + il2){mi - im2) 
-{k + h){ni - in2){mi + im2) 
-{mo - m3){li + il2){ni - in2) 
+{lo + h){mo + ma) (no - ns) . 



22 



With the use of identities 



1 



- [(no + n3)(/i - il2){mi + im2) + (no - n3)(Zi + il2){mi - im2)\ 

= nohmi + nol2m,2 + in2,hm2 - in^hmi , 
^ [(no + n3)(/i - il2){mi + im2) - {m - m){li + il2){mi - im2)] 

= inolim2 — inohmi + n^hmi + nsl2m2 , 



\ [ {mo 



[ {mo 



- h){ni + in2){mi - im2) + {lo + h){ni — in2){mi + im2) ] 

= -loUimi - lon2m2 — il2,nim2 + ihn2mi , 

- h){'ni + in2){mi - im2) — {h + ^3)('^i — in2){mi + im2) ] 

= ilonim2 - ilon2mi + IsUimi + hn2m2 ■ 

+ m3)(/i - il2){ni + in2) + {mo — m3){li + il2){ni - OT2) ] 
= —mohni - mol2n2 — im3lin2 + im^hni , 

+ m3)(/i - il2){ni + in2) - {mo - mz){li + il2){ni - in2) ] 
= -imolin2 + imohni - m^hrii — m2,l2n2 , 



ICo 



i[(io 



h){mo - m3)(no + n3) + {lo + l3){mo + m3)(no - n3) ] 
= lomono - hm^n^ - hmon^ + hm^no , 
h){mo - mz){no + n3) - {lo + h){mo + m3)(no - n3) ] 
= lomonz - lomzno — hmom + hmsns ; , 
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we find (fco) ^ and {ks) ^: 

iko)~^ = +ko {mm) 
+no/imi + nol2m2 + in2,lim2 — inzhmi 
—l^nimi — lon2m2 — il^nim2 + il3n2mi 
—molini — mol2n2 — im3lin2 + imzl2ni 
+lQmonQ - kman^ - Zamons + hmsuo , 

(fcs)"^ = -ks (mm) 
+inolim2 - inohmi + nzlimin^l2m2 + 
+ilonim2 — ilon2mi + hnimi + hn2m2 
—imohn2 + imohni — mshni — m^l2n2 
+Zomon3 - lomzUQ - hmoUQ + hmsn^ . 

Prom this, after identical transformations, we arrive at (for brevity the factor | G is omitted) 

(^o)^^ = ^0 (mm) + mo (In) + Iq {nm) — no{lm) + i 1 (m x n) , (22) 

where 

z 1 (m X n) = i [ Zi(m2n3 - m3n2) + him^ni - min^) + h{min2 - m2ni) ] ; 

and 

{k^)~^ = —ks (mm) — m^ {In) — I3 (nm) + n^{lm) 
+2 [ 1 X (n X m) ]3 +i[ mo(n x 1)3 + /o(n x 111)3 + no(l x 111)3 ] , (23) 

where 

2 [ 1 X (n X m) ]3 = 2 [ ^1 {n^mi - nim^) - l2{n2m,^ ~ n^m,2) ] , 
i [ mo(n X 1)3 + /o(n x 111)3 + "-0(1 x 111)3 ] 
= i [ mo{nil2 - n2h) + lQ{nim2 - n2mi) + no{lim2 - hmi) ] . 



Now, let us find (ki) ^ and {ki)~ 



1. 



^1 = (^12 + A21) , ik2 = {Au - A21) . (24) 



Cofactor A12 is 

A12 = (-1) 



ki + ik2 — ni — in2 uq + 713 
-^0 - ^3 mo - 777,3 -mi + im2 
—li — il2 —mi — im2 mo + m^ 

= (— 1){ {ki + ik2) {mm) + (/q + h){no + n^){mi + im2) 

+(7710 - m^){no + n3)(/i + ih) 

-{mo + m3)(/o + l3){ni + ^2) 

—{Ii + il2){ni+in2){mi—im2)}. (25) 
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Cofactor A21 is 

A21 = (-1) 



ki — ik2 no — 713 —1^1 + in2 
—li + il2 rriQ — 777,3 —mi + 

-^0 + ^3 -n^l - «"^2 mo + 7713 

= (-1){ {ki - ik2) {mm) + {lo - h){no - n3){mi - im2) 

+{mo - 7773) (770 - n3)(/i - ih) 
-{mo - 777.3) (^0 - h){ni - 1112) 
—{h — ih){ni — in2){mi + im2) } • (26) 



With the use of identities: 
1 



2 [ (^0 + ^3)("o + n^){mi + i77i2) + {Iq - h){no - nz){mi - im2) ] 
= lommi + hnsmi + 7/0^37772 + ihnom2 , 
^ [ (^0 + k){n'0 + n3){mi + 77772) - (^o - h){no - n3){mi - 77772) ] 

= lommi + Z37707771 + ilonom2 + 7Z37737772 , 



^ [ (7770 - 7773)(77o + 773)(/i + 7^2) + (^770 - 7773)(77o - 773)(/i - 7^2) ] 
= 77o 777o/l — 7773773Z1 + 77770773Z2 - 77707773Z2 , 

^ [ (7770 - 7773) (770 + 773) (/l + 7/2) + (r77o - 7773) (770 - 773) (/l - 7/2) ] 

= 7770773Z1 - 7773770/1 + 77770770^2 " im^Uzh , 

- ^ [ ("^0 + 'rn3){lo + h){ni + ^2) + (7r7o - 7773) (/q - l3){ni - 7712) ] 

= -moloni - 7773Z3771 - 77779/3772 - 77773/9712 , 

[ ("^0 + "73)(/o + h){'ni + 7772) - (7779 - 7773)(/9 - /3)(77i - 7772) ] 

= -mohni - 7^73/9771 - imolon2 - im3l3n2 , 
~ ^ [ (^1 + ih){ni + in2){mi - 77^2) + {h - ih){ni - in2){mi + 77712) ] 

= -/i77i 777i - /i7727772 - /2»n-2"'l + /2"'2"7l , 

~^ [ (^1 + ih){ni + in2){mi - 77772) - {h - il2){ni - in2){mi + 77772) ] 

= +ilinim2 — 7/i777 i772 — 7/2777i77i — 7/2772 7772 , 

we find (A;i)~^ and {k2)'~^: 

(A;i)-i = (-1) {ki {mm) 

+/o779777i + /37737771 + 7/97737772 + 7/37797772 
+7797779/1 - 7773773/1 + 77779773/2 — 77797773/2 — 
—7779/9771 — 7773/3771 — 77779/3772 — 77773/9772 
— /l77l777l - /l7727772 — /2r77277l + /27727771 }, 
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^(^2)""^ = {^^2 (mm) 
+lon3mi + hnomi + ilonom2 + il3n3m2 
+mon3^i - m^UQli + zmono^2 - imsnsh 
— mo/sni — m^lQfii — imo/o'^2 — ^"13^3^2 
+ilinim2 — ilimin2 — il2mini — ii2?^2"^2 • 

Prom this, after identical transformations, we arrive at 

{ki)~^ = —ki {mm) — mi (In) — h (nm) + ni(lm) + 2 [ 1 x (n x m) ]i 

+i [ mo(n X l)i + Zo(n x m)i + no(l x m)i ] , 



(^2) ^ = — ^2 {mm) — m2 {In) — 12 {nm)n2{lm) + 2 [ 1 x (n x m) ]2 
+i [ mo(n X 1)2 + Zo(n x 111)2 + ?^o(l x m)2 ] . 

Thus, parameter {ka)~^ is defined as follows: 

{ko)~^ = ko {mm) + mo {In) + Iq {nm) — no(/m) + il (m x n) , 

{kj)^^ = —kj {mm) — mj {In) — Ij {nm) + nj{lm) 
+2 [ 1 X (n X m) ]j + i [ mo(n x l)j + Zo(n x m)j + no{l x m)j ] . 

One may expect to obtain similar formulas for quantities m, I, n. 
Now let us calculate 



(no)-' 
Cofactor A42 is 

A. 



1 



2 I G 



{Ai2 + A31) , (na) ' 



1 



2 I G 



(^42 - ^31) 



42 



Cofactor ylai is 



A 



31 



+ (^0 + ^3) +(f^0-n3) -(ni-m2) 
+ (A;i+iA;2) -(rii + ^^2) +(710 + 71.3) 

-(^0 + ^3) +(7710-7773) -(7771 - i7772) 

■(^0 + ^3) ("-77) + (/co + fe3)(77i + in2){mi - im2) 
-{mo - m3){ki + ik2){ni - 7772) 
+ (770 - 773)(fci + k2){mi - im2) 
-{ko + A;3)(777o - 7773) (770 + ^3) . 



+ (/?!- 7^2) +(770-713) -(771-7772) 
+ (fco-^3) -(771+7772) +(no + 773) 

-(^0-^3) -(7771+77772) +(7770 + 7773) 
-(^0 - ^3) (^77) + {ko - k3){ni - in2){mi + 77772) 
-(7770 + r773)(A;i — ik2){ni + 7772) 
+(770 + n3)(A;i - A;2)(777i + 77772) 
-{ko - k3){mo + 7773) (770 - 773) . 



With the use of relations: 

^ [ (fco + fe3)(ni + in2){mi - im2) + {ko - k3){ni - in2){mi + im2) ] 

= koriimi + kon2m2 — ik3nim2 + ik^n2mi , 
\[{ko + k^){ni + in2){mi - 17712) - {ko - k3){ni - in2){mi + 11712) ] 
= ~ikonim2 + ikon2mi + ksnimi + k^n2'm2 , 

'm3){ki + ik2){ni - in2) + (mo + m3){ki — ik2){ni + in2) ] 
= —mokirii — mQk2n2 — im^kin2 + im^k2ni , 
'm3){ki + ik2){ni - in2) — {mo + m3){ki — ik2){ni + in2) ] 
= +imokin2 - imok2ni + m^kini + m^k2n2 , 

'nz){ki + k2){mi — (1712) + (no + n3)(A;i — k2){mi + 11712) ] 
= nokirrii + nok2m2 + inzkim2 — inzk2m\ , 

nz){ki + k2){mi - im2) - {no + n^){ki - k2){mi + im2) ] 
= —inokim2 + inok2mi — nskimi — n^k2m2 , 

- ^ [ (^0 + ^3) (mo - ma) (no + n^) + {ko - k3){mo + ma) (no - na) ] 

= -fcomono + fcomana - k^mon^, + ksm^no , 

"2 [ ('^o + h){'mo - ma) (no + na) - {ko - k3){mo + ma) (no - na) ] 

= -/comona + komzuo - kimono + k^man^ , 

we arrive at (factor | G is omitted) 

(no)""^ = -lo {nn) 
+konimi + kon2m2 — ik3nim2 + ik3n2i7ii 
—mokiui — mok2n2 — im3kin2 + im3k2ni 
+nokimi + nok2m2 + in3kim2 — inzk2'mi 
-komom + koTTisn^ - ksmom + k^m^no , 

(na)"-^ = -^3 (nn) 
—ikonim2 + ikon2mi + fcanimi + A;3n2m2 
+imokin2 — imok2ni + mskini + maA;2n2 
—inokim2 + inok2mi — nafcimi — n3A;2m2 
-kouiom + kom^no - kimono + ksm^ns . 



- - [ (mo - 



-\ [ (^0 



^[{no- 

^ [(no- 



lo 



Prom this it follows: 



{'no) = —ko {nm) + mo {kn) — Iq (nn) — no (km) + z k (m x n) , 

(^s)""*^ = — ^3 (nm) + m3 (kn) — I3 (nn) — ns (km) 
(m X n) ]3 + iko (m x 11)3 + imo (k x 11)3 + ino (m x k)3 . 



+ 2 [k 
Now, let us calculate 

- (ni)-^ 

Cofactor A41 is 



A41 + A: 



32 



2 I G 



A 



41 



A 



32 



2 I G 



^41 = (-1) 



+{ki — ik2) 
+(fco - k^) 
-ih-ih) 
(-1){ -{h - ih) {nn 



+(no - n^) 
-(ni + in2) 
+(mo - ms) 

-(feo- 



-(ni - in2) 
+{no + ns) 
-{nil — ini2) 
- ik2){ni + in2){nii - im2) 
k?,){mo - m3)(ni - in2) + 



+ (^0 - fe3)(no - n3)(mi - im2) 
-(mo - m3)(no + n3)(fci - zfc2) } , 



Cofactor A32 is 



+(fco + ^3) +("-0-^.3) -(ni-m2) 
^32 = (-1) +(A;i + fA;2) -(ni + m2) +(no + n3) 
-(/i + i/2) -{nii+ini2) +(mo + m3) 
(-1) { -(^1 + ih) {nn) + (fei + ik2){ni - in2){nii + im2) 

-{ko + A;3)(mo + m3)(ni + in2) 
+{ko + k3){no + n3)(mi + im2) 
-(mo + m3)(no - n3)(A;i + ik2) } ■ 



Using the identities: 



ik2){ni + m2)(mi - im2) + (A;i + ik2){ni - m2)(mi + im2) ] 
= —kiuimi — kin2ni2 + k2nim2 — k2n2nii , 

im2) - {ki + ik2){ni - in2){mi + im2) ] 
= -\-ik1n1m2 — ikin2mi + ik2nimi + ik2n2m2 , 



"2 [ '^^i ^ ^fc2)(ni + m2)(mi 



- [ (/jo - fc3)(mo - ''n3)(ni - ^^2) + (/cq + k3){mo + m3)(ni + in2) ] 
= komoni + ikom3n2 + ik3mon2 + k^m^ni , 
^ [ (fco - fe3)(nJ'0 - ■'Ti3)(ni - m2) - {ko + k3){mo + ni3){ni + in2) ] 
= —ikomon2 — kom^ui — k^moni — ikzmzn2 , 
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n3){mi - im2) + {ko + kz){nQ + n3)(mi + im2) ] 
= —kQnQm\ — k-^n^m-i — ikon3m2 — ik3nQm2 , 
n3){mi - im2) - {ko + A;3)(no + n3)(mi + im2) ] 
= +kon3mi + fcanomi + ikonQm2 + iksn3m2 , 

^ [ (mo - m3)(no + n3)(A;i - 1/^2) + (jn-o + "T'3)(?^o - n3){ki + zA;2) ] 
= monofei — m^n^ki — imon3k2 + im3nQk2 , 

^ [ (mo - m3)(rao + n3){ki - ik2) - {mo + m3)(no - n3){ki + ik2) ] 

= monski - m3noki - imonok2 + im3n3k2 , 

we get expressions for {ni)~^ and (n2)~^: 

- ("i)~'^ = ^1 {nn) 
—kinimi — k\n2m2 + A;2nim2 — k2n2m\ 
+komoni + ikom3n2 + ik3mon2 + k3m3ni 
—konQiTii — k3n3mi — ikon3m2 — ik3nom2 
+monoki — m3n3ki — imon3k2 + im3nok2 , 

i{n2)~^ = -ih (nn) 
+ikinim2 — ikin2mi + ik2nimi + ik2n2m2 
—ikQmQn2 — fco^s^i ~ ^3"t^o^i ~ ik3m3n2 
+kon3mi + ksnoirii + ikonom2 + ik3n3m2 
+mQn3ki — msuoki — imono/c2 + im3n3k2 ■ 

Prom where, after identical transformations we arrive at 

{ni)~^ = —ki {nm) + mi {kn) — l\ {nn) — n\ {km) 
+ 2 [ k X (m X n) ]i + i/co (m x n)i + zmo (k x n)i + mo (m x k)2 , 

(712)"^ = —k2 {nm) + m2 {kn) — I2 {nn) — n2 {km) 
+ 2 [ k X (m X n) ]2 + zfco (m x 11)2 + imo (k x 11)2 + mo (m x k)2 . 

Thus, parameter (n-a)"^ is defined by 

(no)~^ = —ko {nm) + mo {kn) — Iq {nn) — no {km) + i k (m x n) , 

{nj)~^ = —kj {nm) + mj {kn) — Ij {nn) — nj {km) 
+ 2 [ k X (m X n) ]j + iko (m x n)j + imo (k x n)j + mo (m x k)j . 

Let us calculate 

= 2\G\ ' = 2\G\ ■ 



- - [ (A;o - A;3)(no - 
~ [ {ko - k3){no - 
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Cofactor A13 is 



Cofactor A24 is 



A 



13 



A 



24 



+{ki+ik2) +iko-ks) +(no + n3) 
-(^0 + ^3) -(h-ih) -(1711-11712) 
-(h + ih) -(lo-k) +(mo + 777.3) 
(no + 773) {U) - (mo + 7n3)(A:i + ik2)ih - ih) 
+{ko - k3){mi - ■87772) (Zi + ih) 
+{lo + h){{ko - k3){mo + 7773) 
-(^0 - h)iki + 7^2) (7771 - 77772) • 

+{ko + ^3) +{ki - ik2) +{no - m) 

^ik + k) -(h-ih) +(7710-7773) 
-(^1 + 7^2) -(lo-k) -(7771 + 77772) 
(770 - 773) (//) - (7770 - 7773) (fci - 7A;2)(;i + 7^2) 
+{ko + k^){mi + im2){h - ih) + 
+(^0 - k)i{ko + ^3) (777.0 - 7773) 
-(^0 + /3)(^i - ik2){ini + 77772) . 



Using the relations: 



- 2^ ^"^0 + "^3)(fci +ik2){k - ih) + (mo - m3){ki - ik2){li + ih) ] 

- 7770 ^2^2 + im^kih — im3k2h , 
(7770 - 7773) (A;i - 7^2) (Zi + 7/2) ] 



= — 777oA;iZi 
-[ (7770 + 7773) (fci + 7^2) (Zi - 7/2) 



= +imokih — imok2h + rnskih — 7773^2/2 , 



[ (ko - k3){mi - 77772)(/i +7/2) + {ko + /C3)(777i + irn2){h - ih) ] 



= komih + kom2h — iksmih + 7^37772/1 , 

fc3)(777l — 77772)(/l + 7/2) " (^Q + A;3)(777l + 77772)(/l - 7Z2) ] 

= +ikQmih - 7^07772/1 — k^mili - ^37712/2 , 



ih + h){{ko - /s3) (7770 + 7773) + [lo - h){{ko + k3){7no 



7773) ] 

= ZoA;o777o - ZoA;37773 + kkoms - kksruo , 



;[ ilo + k){iko - ks){mo + ms) - (Zq - h)i{ko + k3)imo -7773) ] 

= /oA;o7773 - /oA;3777o + /3A;o777o - ^3^37773 , 



iiih 



h)iki + ik2){i7ii - 77772) + (^0 + h){ki - ik2){mi + 77772) ] 
= —lokimi - lok2m2 - 7/3/^17772 + ikk27ni , 

h)iki + ik2){mi - 77772) — (^o + h){ki — ik2){mi + 77772) ] 
= +ilokim2 — ilok2mi + hkimi + hk2m2 , 
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we get 



- (Zo)-' = +no ill) 
—mokili — 7710^2^2 + im3kil2 — im3k2li 
+komili + kQ-ruih - ik^mih + iksm2h 
+lokomo - loksiris + hkoms - khmo 
—lokimi — lok2m2 — ihkim2 + il3k2mi , 



- ik)-^ = +n3 (//) 
+imokil2 - imok2li + mskih - 771,3^2^2 
+ikomil2 — ikom2li — k^mili — k3m2l2 
+lokom3 - lokaniQ + hkoniQ - hkams 
+ilokim2 — ilok2mi + hkiuii + hk2m2 ■ 

From where we arrive at 

(Zo)~^ = +ko (ml) — mo (kl) — Zq (km) — no (11) + i m (1 x k) , 

{hy^ = +k3 {ml) - ma {kl) - h {km) - na {II) 
+2 [m X (k X 1) ]a + ? mo (1 x k)a + ? ko (1 x 111)3 + i Zo (m x k)a . 

Now let us calculate 

^23 + ^14 -n ^-l ^23-^14 



2 I G 



i{l2 



2 I G 



Cofactor A23 is 



23 



= (-1) 

(-!)[■ 



Cofactor A14 is 



A 



14 



(-1) 



+(A;o + ^3) +{ki - ik2) — (ni — in2) 

-{lo + k) ~{h~ih) -(mi -77712) 
-(^1+7/2) -(^0-^3) +(mo + m3) 
(771 - in2) {II) - {ko + k3){mo + m3)(/i - ih) 
+{lo + k){mo + m3)(A;i - 7/C2) 
-(^0 - k){ko + A:3)(mi - 7m2) 
+{ki - 7^2) ("71 - irn2){li + ih) ] , 



+ {ki + ik2) +{ko-k3) -(771 + 7772) 
-{lo + k) -{h-ih) +(m,o-m,3) 
-{h + ih) -(lo-h) -(mi + 77772) 

= (-1) [-(771 + 7772) {II) 

-{ko - k3){mo - m3)(/i + 7/2) 
+(^0 - k){iTio - m3){ki + 7^:2) 
-(^0 + ^3)(^o - ^3)("^l + 1^2) 
+{ki + ik2){mi + im2){li - ih) ] ■ 



(42) 
(43) 



(44) 



(45) 
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With the use of identities: 

^ [ (fco + k3){mo + mz){h - ih) + (ko - k'^){mo - niz){h + ih) ] 
= likQUiQ + lik^niQ, — il-zkom^ — il2k3mQ , 

^ [ (feo + fe3)(mo + m3)(/i - ih) - {ko - k3){mo - m3)(/i + ih) ] 

= hkoms + hk^mo - ihkorriQ - ihk^m^ , 

- ^ [ (^0 + k){mo + m3){ki - ik2) + (lo - k){mo - m3){ki + ik2) ] 

= -kilouiQ - kilsuis + ik2lom3 + ik2hmo , 
[ (^0 + h){'rno + m3){ki - ik2) - {Iq - h)(rnQ - m3){ki + ik2) ] 
= —kilom^ — kil^mo + ik2hmQ + ik2hm2, , 

h){ko + k3){mi - 1-012) + (^0 + h){kQ - kz){mi + im2) ] 
= miloko - mi/a^s - im2hk2, + im2hko , 

k)iko + k3)(mi - im2) - {Iq + /3)(^o - k3){mi + 11712) ] 
= miloks - mikko - im2loko + ^"7,2^3^3 , 

~ ^ [ (^1 ~ ik2){mi - im2){h + ih) + {ki + ik2){mi + im2){li - ih) ] 

= —kimih — kxm2h — k2mih + k2m2li , 
~^ [ (^1 ~ ik2){mi - im2){h + ih) — {ki + ik2){mi + im2){li — ih) ] 

= —ikiuiih + ikim2h + ik2mili + ik2m2h , 

we get expressions for and (^2)"^: 

- ih)-' = +ni (U) 
+likomo + lik^m^ — ihkom^ — zhk^niQ — 
—kihruQ — kihm-i + ik2lo'm3 + ik2h'>T^o 
+milQkQ — niihk^ — im2/o^3 + im2l3kQ 
-kirriih - /ci 7712/2 - k2mih + ^27712/1 , 

i ih)-^ = -i n2 ill) 
+likom3 + hksmo — ihkomo - ihksms 
-kiloms — kihmo + ik2lomo + ik2hm3 
+milok3 — mihko — im2loko + im2hk3 
—ikiuiih + ikim2h + ik2mili + ik2m2h ■ 
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Prom where it follows 

(Zi)"-^ = +ki (ml) - mi {kl) - h {km) - m {II) 
+2 [m X (k X 1) ]i + i mo (1 x k)i + i ko (1 x m)i + z Zq (m x k)i , 

(^2)"^ = +k2 {ml) - m2 {kl) - h {km) - {II) 
+2 [m x (k x 1) ]2 + i mo (1 x k)2 + i ko (1 x m)2 + ilo{m.x k)2 . 

Thus, parameter {l)~^ is defined by 

{lo)"^ = +ko {ml) — mo {kl) — Zq {km) — no {U) + z m (1 x k) , 

{Ij)"^ = +kj {ml) — mj {kl) — I3 {km) — nj {II) 
+2 [m X (k X 1) ]j + i mo (1 X k)j +i ko {Ix m)j +ilo {mx k)j . 

It remains to calculate parameter (m)~^. For {mo)~^ and (ms)"^ we have 



{mo)-' = 



2 I G I 



A. 



44 



A 



33 



2 I G 



Cofactor A44 is 



A 



44 



Cofactor A33 is 



A 



33 



+{ko + ks) +{ki - ik2) +(no - ns) 
+ {ki+ik2) +{ko - ks) -{ni + in2) 
-{k + k) -{h-ih) +{mo-m3) 
{mo - ms) {kk) - {no - n3){ki + ifc2)(^i - ih) 
+{Iq + ^3)(^i - ik2){ni + in2) 
+{lo + ^3)((^o - k3){no - na) 
-{ko + A;3)(Zi - il2){ni + m2) , 



+{ko + k3) +{ki - ik2) -{ni-in2) 
+{ki + ik2) +{ko - ks) +(no + n^) 
-{h + ih) -{lo-h) +{mo + m3) 
{mo + ms) {kk) - {no + n3)(A;i - ik2){li + ih) 
+{lo - h){ki + ik2){ni - in2) 
+ {lo - k){{ko + ks){no + 723) 
-(/co - ^3)(^i + il2){ni - in2) ■ 



With the help of identities 
1 



[ (no - n3){ki + ik2){l\ - ih) + (no + n3)(/ci - iA;2)(;i + ih) ] 



-uokih - nok2l2 - in^kih + insk2h , 
[ ("0 - n3){ki + ik2){li - ih) - {no + n3)(^i - ik2){li + ih) ] 

+inokil2 — inok2li + nakih + n3k2l2 , 
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1 



2 [ (^0 + k){ki - ik2){ni + in2) + (/o - h){ki + ik2){ni - m2) ] 

= lokiui + Zofe2^^2 + ihkiU'i - ihk2ni , 
2 [ (^0 + h){ki - ik2){ni + in2) - {Iq - l3){ki + ik2){ni - in2) ] 

= ilokin2 — ihk2ni + hkini + hk2n2 , 



2 [ (^0 + ^3)(^o - fc3)(«o - W3) - (^0 - h){kQ + ks){no + ns) ] 
= -lokons - loksno + kkouo + hk^n^, , 

- ^ [ (^0 + k2,){li - il2){ni + in2) + (/co - ^3)(^i + ih){ni - in2) ] 

= -kohni - kol2n2 — ik3lin2 + ^^3/2^1 , 
[ (^0 + k3){li - il2){ni + in2) - {ko - k3){li + il2){ni - in2) ] 
= —ikolin2 + ikohni - kshni + ^3/2^2 . 



liik + kKko 



k3){no - ns) + {Iq - k){ko + A;3)(no + 713) ] 



we get expressions for (mo) 



^ and (ms) 



(mo) = +mo (kk) 



-nokih - nok2l2 - imkih + in2,k2h 
+lokini + lok2n2 + ihkin2 - 4/3^2^1 
+lokonQ + /o^3n3 - hkon^ - hk^riQ 
—kohni - kol2n2 - ik2hn2 + iks^ni , 



(ms) ^ = -ms {kk) 



+inokil2 — inok2li + mkih + 7x3^2/2 
+ilokin2 — ilok2ni + hkiui + /3A;2n2 
-lokona - lok^no + hkom + ^3^3713 
-ikolin2 + ikol2ni - k^lirii + A;3Z2n2 . 



Prom where we arrive at 



(mo) ^ = ko (In) + mo (kk) — lo{kn) + no Ik) + i n (1 x k) , 

(ms)"^ = —ko^ (In) — ms (kk) + (kn) — (kl) 
+2 [ n X (1 X k) ]3 + i no (k X 1)3 + z Iq (k x 11)3 + i ko (n x 1)3 . 



(51) 



Now let us calculate (mi) ^ and (m2) 



- (mi)-i = 



A43 + ^34 

2 I G I 



i{m2) ^ = 



^43 ~ A34 
2 I G I 



(52) 
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Cofactor A43 is 

+ (A;o + A;3) +{ki - ik2) -(^1-^2) 
A43 = (-1) +iki + ik2) +iko - ks) +{no + m) 
-(k + k) -{h-ih) -(mi-zm2) 
= (-1) [ -{nil - im^) (kk) + (ki + ik2){ni - m2)(/i - ih) 

-{ki - ik2){no + n3)(/o + ^3) 
-(ni - m2)(Zo + k){ko - ^a) 
+{h - ihKko + k3){no + m) ] . (53) 



Cofactor A43 is 

^34 = 



+(A;o + ^3) +{ki - ik2) +(no - na) 

+ (/ci+i/c2) +(/co-^3) -(ni+m2) 
-(/i+iZ2) -(^0-^3) -(mi+im2) 
= (-1) [ -(mi + im2) (fe/c) + {ki - ik2){ni + in2){li + ih) 

-{ki + ik2){no - n3)(/o - ^3) 
-(rai + m2)(/o - ^3)(feo + ^3) 
+(Zi + i/2)(fco - k3){no -m)]. (54) 

With the use of relations: 

-^[{ki+ ik2){ni - in2){h - ih) + {ki - ?-A:2)(ni + in2){h + ih) ] 

= -kinih + kin2h — k2nih — /c2«2^i , 
~^ [ (^1 + ik2)(ni — in2){h — ih) — (^1 — ^^2)(«i + i'n2){h + ih) ] 

= +ikinih + ikin2h — ik2nili + ik2n2h , 

^[{ki- ik2){no + 713) (/o + ^3) + (^1 + ik2){no - n^)il{) - h) ] 
= fcino/o + kin^h - ik2nQh - ik2n2,lQ , 

-[{ki- ik2){no + n3){lo + I3) - {ki + ik2){no - n3)(/o - k) ] 

= kinok + kimlo - ik2nolo - ik2n2,l2, , 

^ [ (ni - m2)(/o + h)ikQ - k^) + (rii + m2)(/o - /3)(^o + ^3) ] 
= niloko - nihks + in2/o^3 - ■i"2^3^o , 
- [ (ni - m2)(Zo + /3)(^o - ^3) - {ni + in2){lo - k){ko + ^3) ] 
= -nilok^ + nihko — in2loko + in2hk3 , 

- ^ [ (^1 - ih)iko + k3){no + ws) + (^1 + ih){ko - ^3)("'0 - "3) ] 



-hkom - hk^n^ + ihkonz + ihksm , 

[ (^1 - ih){ko + k3){no + ^3) - {h + ih){ko - k3){no - ^3) ] 
-likon3 - hksno + ihkom + ihk3n3 , 
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we get 



— (mi)~^ = mi {kk) 
-kinih + kin2l2 - k2nil2 — k2n2h 
+kinolo + kinsls - ik2nQh - ik2nzlQ 
+ni/oA;o - nil^k^ + in2lQk^ - ^2/3^0 
— /ifcono — hk2,nz + ihkons + ihk^no , 

i{m2)~^ = —i m2 {kk) 
+ifcini^2 + ifci 722/1 — ik2nili + ik2n2l2 

+kinQh + kin^l^ - ik2nolo - ik2n^h 

-niloh-i + 774/3/^0 - in2loko + in2hk3 
-hkom - hk^no + thkom + ihk^n^ . 

Prom where we arrive at 

(mi)~^ = —ki {In) — mi {kk) + h {kn) — ni {kl) 
+ 2 [ n X (1 X k) ]i + i no {k X \)i + i Iq {k X n)i + i ko {n X l)i , 

(^2) = — /c2 {In) — mi {kk) + 12 {kn) — n2 {kl) 
+ 2 [ n X (1 X k) ]2 + 7 no (k X 1)2 + i /o (k X 11)2 + i /co (n X 1)2 . (55) 

Thus, the parameter (m)~^ is defined by 

{mo)"^ = ko {In) + mo {kk) — lo{kn) +no Ik) + i n (1 x k) . 

(77T,j)~^ = —kj {In) — mj {kk) + Ij {kn) — nj {kl) 
+2 [ n X (1 X k) ]j +i no (k x l)j + ilo {kx n)j +i ko {nx \)j (56) 

Dirac parameters for the inverse matrix have been found; it remains to determine 
determinant of G. 

4 Determinant | G | in the Dirac parameters 

Cohecting all results on parameters of the inverse matrix G~^ we have 

k'o =\ G [ko {mm) + mo {In) + lo {nm) — no{lm) + 7 1 (m x n) ] , 
k' =1 G [ — k {mm) — m {In) — 1 (77.7??.) + n{lm) + 2 1 x (n x m) 

+7 mo{n X 1) + 7 /o(n x m) + i no{l x m) ] , 

mo =1 G p-^ [ A-o (/77) + 777.0 {kk) - lo{kn) + no Ik) + i n (1 x k) ] , 
m' =1 G [ -k {In) - m {kk) + 1 (A:77) - n {kl) + 2 n x (1 x k) 

+ i Tio (k X 1) + i /q (k x n) + i fco (n X 1) ] 5 
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Iq =\ G \ ^ [ +kQ (ml) — mo {kl) — Iq {km) — no (U) + i m (1 x k) ] , 
1' =1 G [ +k (ml) - m (kl) - 1 (km) - n (//) + 2 m x (k x 1) 
+ i mo (1 X k) + i A;o (1 X m) + i /q ^ k) ] , 

^0 =1 ^ [ (nm) + mo (kn) — lo (nn) — hq (km) + i k (m x n) ], 
n' =1 G [^"^ [ — k (nm) + m (kn) — 1 (nn) — n (km) + 2 k x (m x n) 

+ iko (m X n) + imo (k x n) + iriQ (m x k) ] . 

Let us substitute these expressions for inverse parameters into determining relation G 
we arrive at the equations: 

1 = k'o = koko + k' k- n'o /q + n' 1 , 
= k" = fco k + k' A;o + i k' X k - n'o 1 + n' /o + « n' X 1 , 

1 = mg = m-o rriQ + m m — Iq no + I n, 
= m" = ttiq m + m' mo — i m' x m — /q n + 1' ng — "i 1' x n , 

= nQ = /cq no — k' n + n'^ mo + n' m , 
= n" = /cq n — k' no + i k' X n + no m + n' mo — i n' x m , 

= = A;o + 1' k + m'o Iq - m' \ , 
= 1" = /[) k + 1' yfco + H' X k + mg 1 - m' /o - « m' X 1 . 

Consider eq. (f58]l : 

1 = A;^, A;o - n^, /q + k' k + n' 1 = (det G)'^ 
X [ kQ{mm) + moko{ln) + loko{nm) — noko{lm) + iA;ol(m x n) 
+A:o^o(nm) — molo{kn) + lo{nn) + nolo{km) — i/ok(m x n) 
— k^(mm) — km(/n) — Ik(nm) + nk(/m) + 2k(l x (n x m)) 
+mok(l X m) + i/ok(n x m) + imok(n x 1) 
— kl(nm) + m\{kn) — l^(nn) — YY\{km) + 21(k x (m x n)) 
+iko\{m X n) + imol(k x n) + inol(m x k) ] . 

After transformations it gives 

det G = {kk) {mm) + {II) {nn) + 2 {mk) {In) + 2 {Ik) {nm) - 2 {nk) {Im) 
+ 2 i[ko l(m X n) + mo k(n x 1) + /q k(n x m) + no l(m x k) ] 

+ 2 k (1 X (n X m)) - 2 1 (k x (n x m)) . 

Taking in mind identity 

2 [ k (1 X (n X m)) - 1 (k x (n x m)) ] = 4(kn) (ml) - 4(km) (nl) 
for det G we have 

det G = {kk) {mm) + (//) (nn) + 2 {mk) {In) + 2 {Ik) {nm) - 2 {nk) {Im) 
+ 2 i[ko l(m X n) + mo k(n x 1) + k(n x m) + no l(m x k) ] 

+4(kn) (ml) - 4(km) (nl) . 
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Now, let us verify that eq. (|60|) leads us to the same det G. Indeed, from (|60|) it follows 

1 = m-Q mo + m' m — /q no + 1' n = (det G)~"^ 
X [ k^rriQ {In) + ttiq (A;/c) — Iquiq (kn) + nomo (Ik) + zmo n(I x k) 
—koTiQ {ml) + mono (kl) + IqUq (km) + Uq {II) — mo m(I x k) 
—km (In) — (kk) + 1 m(A;n) — nm (Ik) + 2m (n x (1 x k)) 
+mo m(k X I) + Uq m(k x n) + ffco m(n x 1) 
+kn (ml) — mn (kl) — In (fcm) — (//) + 2n (m x (k x 1)) 
+imQ n(l X k) + ik^ n(l x m) + Uq n(m x k) ] , 

from where we arrive at 

det G = (kk) [mm) + (//) (nn) + 2 (mk) (In) + 2 (Ik) {nm) - 2 (nA:) (Im) 
+ 2 i [ko m(n x 1) + mo n(l x k) + ^o m(k x n) + no m(k x 1) ] 

+ 2 m (n X (1 X k)) + 2 n (m x (k x 1)) . (68) 

Taking in mind identity 

2 m (n X (I X k)) + 2 n (m x (k x 1)) = 4(kn) (ml) - 4(km) (nl) ; 



we see that eq. (j68|) coincides with ([6/ 

Now, let us turn to relations (j62p and (j64p . Firstly, consider eq. (j62p : 

= A;q no + nQ mo — k' n + n' m 
= feono (mg - m^) + mono (/o"-o - In) + ^o^^o ("-o^t-o - nm) 

—nQ{lomo — Im) + inol(m x n) 
—komo (noma — nm) + {koUQ — kn) — lomo (riQ — n^) 
— nomo(A;omo — km) + imok(m x n) 
+kn (mQ — m^) + mn {IqUq — In) + In (nomo — nm) — n^ (/o"^o ~ Ini) 
— 2n (I X (n X m)) — ino n (I x m) — Uq n (n x m) — imo n (n x 1) 
—km (nomo — nm) + m^ {koriQ — kn) — Im (ng — n^) — nm {komo — km) 
+2m (k X (m x n)) + iko m (m x n) + imo m (k x n) + iuq m (m x k). (69) 

One may verify that all terms with zero-index cancel out each other, so that we have 

= +2n2 (Im) + 2 (km (nm) — 2( kn) (m^) — 2 (In) (nm) 
— 2 n (1 X (n X m)) + 2 m (k x (m x n)) . 

The later is equivalent to the identity = 0: 

+ 2n2 (Im) + 2 (km (nm) - 2( kn) (m^) - 2 (In) (nm) 
-2n [n (Im) - m (In)] + 2m [m (kn) - n (km)] = . (70) 

In the same manner consider eq. (I64p : 
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= I'q ko + m'o /o + l' k — m' 1 
= kg (molo — ml) — moko (/cq^o — kl) — /q^o (^o"^o — km) — no/co(/o — 1^) + iknQm(l x k) 
+/C0/0 (^o^-o - In) + molo {k^ - k^) - /g (A:o"-o - kn) + noloihko - Ik) + ilon{l x k) 
+k^ {molo — ml) — mk (fco/o — kl) — Ik {komo — km) — nk (/q — 1^) 
+2k (m X (k X 1)) + imo k (1 x k) + iko k (1 x m) + ilo k (m x k) 
+kl {lono - In) + ml {ko - k^) - 11 (Ajq^-o - kn) + nl (/o^o - Ik) 
-21 (n X (1 X k)) - mo 1 (k x 1) - ilo 1 (k x n) - iko 1 (n x 1) , (71) 

and further 

= -2k2 (ml) + 2 (mk (kl) + 2( nk) (1^) - 2 (kl) (In) 
+2 k (m X (k X 1)) - 2 1 (n X (1 X k)) ; 

which is equivalent to the identity = 0: 

- 2 k^ (ml) + 2 (mk (kl) + 2 ( nk) (1^) - 2 (kl) (In) 

+2 k [ k (ml) - 1 (mk) ] - 2 1 [ 1 (nk) - k (nl) ] = . (72) 



Equations (|59l) . (l6T]) . (p3]) . (j65]) can be verified as well. 

In the end of this section let us write down expression for det G: 

det G = (kk) (mm) + (//) (nn) + 2 (mk) (In) + 2 {Ik) (nm) - 2 (nk) {Im) + 
+ 2i [ko l(m X n) + mo k(n x 1) + /q k(n x m) + no l(m x k) ] 

+4(kn) (ml) - 4(km) (nl) . (73) 

The expression become more simple in special cases. 
Variant A 

All component with 0-index are real, all component with index 1,2,3 are imaginary. Per- 
forming the change 

k =^ i k, m =^ i m, 1 =^ il, n =^ i n, (74) 

from ([73]) we get (the notation is used: [ab] = aoao + aiai + 0202 + a^a^): 

det G = [kk] [mm] + [II] [nn] + 2 [mk] [In] + 2 [Ik] [nm] - 2 [nk] [Im]) 
+ 2 [ko l(m X n) + mo k(n x 1) + /o k(n x m) + no l(m x k) ] 

+4(kn) (ml) - 4(km) (nl) , (75) 

here all the quantities are real- valued. 
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Variant B 



Restrictions imposed are 

7 * 7 * 

and from (j73p it follows 

det G = (/c/fc) (kk)* + (nn)* (nn) + 2 (/;:*/;;) (n*n) + 2 {n*k) (nk*) - 2 (n/c) (nk)* 
+ 2i[ko n*(k* x n) + feg k(n x n*) + Uq k(n x k*) + no n*(k* x k) ] 

+4(kn) (k*n*) - 4(kk*) (nn*) . 

The latter can be rewritten in the form 

det G = (kk) (kk)* + (nn)* {nn) + 2 {k*k) {n*n) + 2 {n*k) {nk*) - 2 {nk) {nk)* 
+ 2i[ko k*(n x n*) - A;;; k(n* x n) + n*^ n(k x k*) - no n*(k* x k) ] 

+4(kn) (k*n*) - 4(kk*) (nn*) , 

which is explicitly real-valued. 

Variant C 



In formulas (j75p one should take additional restrictions: 

"T-o = +^0, ^0 = no, m = -k, 1 = -n ; 

det G = [kk] [kk] + [nn] [nn] + 2 {kk) {nn) + 2 {nk) {nk) - 2 [nk] [nk]) 
+ 2 [ko n(k X n) — ko k(n x n) — no k(n x k) + no n(k x k) ] 

+4(kn) (kn) - 4(kk) (nn) , 

and further 

det G = [kk] [kk] + [nn] [nn] 
+ 2 {kk) {nn) + 2 {nk) {nk) - 2 [nk] [nk]) + 4(kn) (kn) - 4(kk) (nn) . 



5 Independent calculation of det G 

Starting from the form 



G 



+ {ko + k3) +{ki-ik2) 

+{ki + ik2) +{ko - ks) 

-{lo + k) -{h-ih) 

-{h + ih) -{lo-h) 



+(no-n3) -(ni-m2) 

-(ni+m2) +(no + n3) 

+ {mo-m3) -{mi-im2) 

-{mi+im2) +{mo + m3) 
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let us calculate det G by direct method of linear algebra: 



detG = 



G 



11 



+G 



13 



G22 G23 G24 
G32 G33 G34 
G42 G43 G44 

G21 G22 G24 
G31 G32 G34 
G41 G42 G44 



Gil G12 Gis Gi4 

G21 G22 G23 G24 

G31 G32 G33 G34 

G41 G42 G43 G44 

G21 G23 G24 
12 G31 G33 G34 + 
G41 G43 G44 

G21 G22 G23 

Gi4 G31 G32 G33 

G41 G42 G43 



and further 

= Gil ( G22 
—G12 ( G21 
+G13 ( G21 

— Gl4 ( G21 j 
Prom this it follows 



^33 G34 

G43 G44 

G33 G34 

G43 G44 

G32 G34 

G42 G44 



G32 
G42 



G33 
G43 



— G23 

— G23 

— G22 

— G22 



G32 G34 
G42 G44 

G31 G34 
G41 G44 

G31 G34 
G41 G44 

G31 G33 
G41 G43 



+ G24 
+ G24 
+ G24 
+ G23 



det G 
G32 G33 
G42 G43 

G31 G33 
G41 G43 

G31 G32 
G41 G42 

G31 G32 
G41 G42 



= {Gil G22 — G12 G21) 
+{Gii G24 — Gi4 6*21 

+ (— G12 G24 + Gi4 G22) 

Allowing for 



G33 G34 
G43 G44 

G32 G33 
G42 G43 

G31 G33 
G41 G43 



+ (—Gil G23 + Gi3 G21) 

+ (G12 G23 — Gi3 G22) 
+ (Gi3 G24 — Gi4 G23) 



detG = 

G32 G34 

G42 G44 

G31 G34 

G41 G44 

G31 G32 

G41 G42 



{Gki) = 



+ {ko + k3) +{ki-ik2) 

+(ki + ik2) +iko - h) 

-{k + h) -ik-ih) 

-{h + ih) -{lo - k) 



+ (no-n3) -(ni--m2) 

-(ni + m2) +(no + n3) 

+(mo-m3) -{mi-im2) 

—{mi +11712) +{mo + m3) 



we arrive at the following form for det G: 
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detG = 

[{ko + A;3)(A;o - ^3) - (^1 - ik2)iki + «A;2)][(mo - m3)(mo + ms) - (mi - im2){mi + zm2)] 
+ [{kQ + A;3)(ni + in2) + (no - n^)(ki + ?A;2)][-(Zi - il2){jnQ + 7^3) - (mi - im2){lo - h)] 
+[{kQ + k3){no + ns) + (ni - m2)(A;i + ik2)][{li - il2){mi + im2) + {mo - m3)(Zo - ^3)] 
+[-{ki - ik2){ni +in2) - (no - n3)(A;o - ks)][-{lo + k){mo + m3) - (mi - zm2)(^i + ^^2)] 
+ [-(^1 - ik2){no + na) - (m - m2)(fco - A;3)][(/o + /3)(mi + im2) + (mp - m3)(/i + i/2)] 

+ [(no - n3)(no + n3) - (ni - m2)(ni + in2)][(Zo + /3)(^o - ^3) - (^1 - il2)ih + ih)] ■ (82) 

and further (1-th and 6-th rows give simple terms) 

detG = (feo -kf-kj- kl){ml - mj - ml - m|) + (ng - n^ - n2 - nl)(ll - if - ij - /f) 
+ [{ko + A:3)(ni + in2) + (no - n3)(A:i + 1^2)] [-('1 - »^2)(nio + ^13) - (mi - im2)(/o - /3)] 
+ [iko + A;3)(no + n3) + (ni - in2){ki + i/c2)][ {h - il2){mi + im2) + (mo - m3)(Zo - ^3)] + 
[-{ki - ik2){ni + in2) - (no - n3)(A;o - ^3) ][-(/o + /3)("^o + m3) - (mi - im2){li + ih)] 
+ [-{ki - ik2){no + n3) - (ni - m2)(A;o - fc3)][(^o + ^3)(nii + im2) + (mo - m3)(/i +il2)]- (83) 

Consider four separate terms: 

(1) = [{ko + ks) (ni + in2) + (no - n3) {ki + ik2) ] 
X [ -(/i - ih) (m.o + ma) - (m,i - ■jm2) {Iq - k) ] 

= [ {korii + kino) + (/csni - kim-i) + i {kon2 + k2no) + i {k3n2 - A;2n3) ] 
X [ -(nio^i + nii^o) + (m.1^3 - m^li) + i {moh + ^2/0) + i {m^h - m2h) ] ; 

(2) = [{ko + ks) (no + ns) + (ni - in2) {ki + ik2) ] 
X [ (/i - il2) (mi + im,2) + (m,o - m3) (^o - ^3) ] 

= [ (fcona + k^no) + kouo + {riiki + n2A;2 + ^sna) + i (ni/c2 - n2A;i)] 
X [ -(nio^3 + m-ilo) + mo/o + {hmi + l2m2 + m^h) + i (/im2 - /2ni.i) ] ; 

(3) = [- {ki- ik2) (ni + fn2) - (no - n3) {ko - ks) ] 

X [-{I0 + k) {mo + ms) - (mi - im2){h + ^2) ] 
[ {noks + risko) - no^o - (^ini + /c2n2 + nsk^) + i {k2ni - kin2)] 
X [ -{loms + l3mo) - lomo - {hmi + ^2ni2 + hms) + i (/im2 - /2n7.i) ] ; 

(4) = [- {ki- ik2) (no + n3) - (ni - in2) {ko - ks) ] 

X [ (/o + ^3) {mi + im2) + (mo - m3) {h + ih) ] 
= [ -{kino + koni) + (niA;3 - kin^) + i {k2no + n2ko) + i {k2n^ - n2k-i) ] 
X [ (^onii + ^imo) + {hmi - hm^) + i {hm2 + hmo) + i {hm2 - hm^) ] . 

It is convenient to introduce the notation: 

kxn = A, mxl = B, (84) 
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then previous formulas look shorter 



det G = ( {kk) {mm) + (nn) (11) + (1) + (2) + (3) = (4) , 

(1) = [ {koni + kino) + A2 + i {kon2 + k2no) - i Ai] 
x[ - {moll + milo) - B2 + i {m^oh + ^2^0) - iBi ] , 

(2) = [ (/cons + ksuo) + koUQ + nk - iA^ ] 
X [ - {moh + nJ-s'o) + "T-o^o + Im - iSs ] , 

(3) = [ (no/ca + "-3/^0) - n-ofeo - kn - i ^3 ] 
X [ -lomo - {loms + hmo) -Im-iB^] , 

(4) = [ - {kitiQ + koui) + A2 + i {k2no + n2ko) + lAi ] 
X [ {IqitT'I + hmo) - B2 + i {lom2 + hmo) + iBi ] . 

With the use of simplifying notation 

ko ni = Ni , mo k = , no ki = Ki , h mi = Mi , (85) 

previous formulas look simpler: 

(1) = [ (iVi + Ki) + A2 + i{N2 + K2) -lAi] 
X [ -(Li + Mi)-B2 + i {L2 + M2) -iBi], 

(2) = [ (ATa + Ka) + kouo + nk - M3 ] 
X [ -(La + Ma) + moh + \ra.-iB^]- 

(3) = [{K^ + Ns) - noko -kn-iAs] 
X [ -hmo - (M3 + L3) - Im - iS3 ] , 

(4) = [ -{Ki + Ni)+A2 + i {K2 + N2) + iAi ] 

x[{Mi + Li)-B2 + i{M2 + L2) + iBi] . (86) 

Terms (l)-(4) in explicit form are 

(1) = -NiLi - NiMi - N1B2 + i N1L2 + iNiM2 - iNiBi 
-KiLi - KiMi - K1B2 + iKiL2 + iivTiMs - iKiBi 
-A2L1 - A2M1 - A2B2 + iA2L2 + iA2M2 - iA2Bi 
-iN2Li - iN2Mi - iN2B2 - N2L2 - N2M2 + N2B1 - 
-iKiLi - iKiMi - iK2B2 - K2L2 - K2M2 + K2B1 
+iAiLi + iAiMi + iAiB2 + A1L2 + A1M2 - AiBi , 

(2) = -ATaLa - ATaMa + Nsmoh + Nairn - iN^B^ 
-K3L3 - K3M3 + K^moh + Kslm - iK^Bs - 
—kouoL^ - komMs + kommoh + komlm — ikonoB^ 
-(nk)L3 - (nk)Ma + (nk)moZo + (nk)(lm) - i{nk)B3 
+^3^3 + iA^M^ - iA^moh - lAslm — A^B^ , 
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(3) = -K^lomo - KsMs - K^L^ - Ks{lni) - iK^B^ 
-NsloniQ - - N3L3 - iV3(lm) - iNsB^ 

+nQkQlomQ + nokoM^i + nokoL^ + noA;o(lm) + in^k^Bz 
+ (kn)/omo + (kn)M3 + (kn)L3 + (kn)(lm) + i(kn)B3 

+i A^hmo + i + i + i A3(lm) - A^B^ , 

(4) = [ -{Ki + Ni)+A2 + i {K2 + N2) + iAi 
x][{Mi + Li)-B2 + i (M2 + L2) + iBi ] 
= -KiMi - Kill + K1B2 - iKiM2 - iKiL2 - iKiBi 
-NiMi - NiLi + N1B2 - iNiM2 - NiiL2 - iNiBi 
+A2M1 + A2L1 - A2B2 + iA2M2 + iA2L2 + i^2^i 
+iK2Mi + iK2Li - iK2B2 - K2M2 - K2L2 - K2B1 
+iN2Mi + iN2Li - iN2B2 - N2M2 - N2L2 - N2B1 
+iAiMi + iAiLi - iAiB2 - A1M2 - A1L2 - AiBi . 
Summing these four relations: 

(1) + (2) + (3) + (4) 
= -NiLi - NiMi - N1B2 + i N1L2 + iNiM2 - iNiBi 
-KiLi - KiMi - K1B2 + iKiL2 + iKiM2 - iKiBi 
-A2L1 - A2M1 - A2B2 + iA2L2 + iA2M2 - iA2Bi 
-iN2Li - iN2Mi - iN2B2 - N2L2 - N2M2 + N2B1 - 
-iK2Li - iK2Mi - iK2B2 - K2L2 - K2M2 + K2B1 
+iAiLi + iAiMi + iAiB2 + A1L2 + A1M2 - AiBi 
-N3L3 - N3M3 + N3molo + iV3lm - iN3B3 
-K3L3 - K3M3 + K3"^o/o + i^slm - iK3B3 
—konoL3 - konoM3 + kouomolo + kouolm — ikonoB3 
-(nk)L3 - (nk)M3 + (nk)mo/o + (nk)(lm) - i{nk)B3 
+iA3L3 + M3M3 - iA3molo - i^3lm - -A3B3 

- K3lomo - K3M3 - K3L3 - K3(lm) - ^^353 
-N3lomo - N3M3 - N3L3 - A^3(lm) - iN3B3 
+nokolomo + nokoM3 + no/co^3 + "o^''o(lni) + inokoB3 
+(kn)lomo + (kn)M3 + (kn)L3 + (kn)(lm) + i(kn)53 + 
+i Aslomo + i A3M3 + i A3L3 + i Asilm) - A3B3 
-KiMi - KiLi + K1B2 - iKiM2 - iKiL2 - iKiBi 
-NiMi - NiLi + N1B2 - iNiM2 - NiiL2 - iNiBi 
+A2M1 + A2L1 - A2B2 + iA2M2 + + iA2Bi 

+iK2Mi + iK2Li - iK2B2 - K2M2 - K2L2 - K2B1 
+iN2Mi + iN2Li - iN2B2 - N2M2 - N2L2 - N2B1 
+iAiMi + lAiLi - iAiB2 - A1M2 - A1L2 - A^Bi . 
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After simple evident simplifications we get 



(1) + (2) + (3) + (4) 
= -2 NL - 2 NM - 2 KL - 2 KM - 2 AB 
-2i NB - 2i KB + 2i AL + 2i AM + 
+N3molo + iV3(lm) 
+K3molo + Ks{lm) 
— fco^o^s — ^0^0-^3 + konQiriQlQ + koriolm — ikonoB^, 
-(nk)L3 - (nk)M3 + (nk)mo/o + (nk)(lm) - i(nk)S3 

—iA^niQlQ — iyl3(lm) — 
-K^lomo - i^3(lm) 
-A^s^omo - iV3(lm) 
+noA:o^o"^o + mkoMs + nokoLs + noA;o(lm) + inokoBs 
+(kn)/omo + (kn)M3 + (kn)L3 + (kn)(lm) + i{kn)B3 

+i AsIquio + i ^3(lm) . 

Noting that all terms containing N^jK^jA^ cancel out each other, so we 

(1) + (2) + (3) + (4) 
= -2 NL - 2 NM - 2 KL - 2 KM - 2 AB 

-2i NB - 2i KB + 2i AL + 2i AM 

-konoLi ~ k^noM^ + konom,()lo + fconolm - ikon^B^ 
-(nk)L3 - (nk)M3 + (nk)mo/o + (nk)(lm) - i(nk)53 
+nQkQlQmo + nokoM^ + nokoL^ + nofco(lm) + inokoB^ 
+(kn)/omo + (kn)M3 + (kn)L3 + (kn)(lm) + i(kn)53 . 

and further 

(1) + (2) + (3) + (4) 
= -2 NL - 2 NM - 2 KL - 2 KM - 2 AB 
-2i NB - 2i KB + 2i AL + 2i AM 
+2 konomolo + 2 kouo (Im) + 2 (nk) moZo + 2 (nk) (Im) . 

Therefore, determinant of G is given by 

det G{kk) {mm) + (nn) (11) 
- 2 NL - 2 NM - 2 KL - 2 KM - 2 AB 
- 2i NB - 2i KB + 2i AL + 2i AM + 
+ 2 kono{molo + Im) + 2 (nk)( mo/o + Im) , 
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or by a shorter relation 



det G = {kk) [mm) + (nn) (//) 
+ 2 {koTiQ + nk) (mo/o + Im) 
-2 NL - 2 NM - 2 KL - 2 KM - 2 AB 
-2i NB - 2i KB + 2i AL + 2i AM . 

The latter formulas allows further simplification: 

det G{kk) {mm) + (nn) (//) 
+2 (/co"-o + nk) (mo/o + Im) 
-2 (N + K - iA)(L + M + iB) . 

Besides, with the notation 

[kn] = koriQ + nk , [ml] = mo/o + Ini , 
relation (1921) can be written as 



det G = (kk) {mm) + (nn) (11) + 2 [A;n] [ml] 
-2 (N + K - iA)(L + M + iB) . 

Remembering the designation 

/cq n = N , mo 1 = L , 
no k = K , Iq m = 'M. , 
kxn = A, mxl = B, 

eq. ([93|) take the form 



det G = (kk) (mm) + (nn) (Z/) + 2 [A;n] [ml] - 
—2 (fcon + nok — ikxn) ( mo l + /oni + imxl) . 

In turn, eq. (f9T|l takes the form 

det G = (kk) (mm) + (nn) (//) + 2 {koUQ + nk) (mp/o + Im) 
—2 /como (nl) — 2 /cq^o (nm) — 2 ngmo (kl) — 2 no/o (km) — 2 (k x n) (m x 1) 
—liko n(m x I) — 2i nok(m x 1) + 2imo (k x n)l + 2ilo (k x n)m . 

Allowing for cyclic symmetry, the later can be changed to 

det G = (kk) (mm) + (nn) (//) 
+2 {kQTiQ + nk) (mo/o + Im) ~ 2 fco^^o (nl) — 2 /cq/o (nm) 
—2 nomo (kl) — 2 no/o (km) — 2 (k x n) (m x 1) 
+2i [ +ko l(m X n) + mo k(n x 1) + /q k(n x m) + nol(m x k) ] . 
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Now, one should compare eq. (|97|) with eq. (joTj) : 

det G = (kk) (mm) + (II) [nn) 
+2 {mk) [In) + 2 (Z/c) (nm) - 2 (n/c) (/m) + 4(kn) (ml) - 4(km) (nl) 
+ 2i[kQ l(m X n) + mo k(n x 1) + Iq k(n x m) + no l(m x k) ] , (98) 
they are the same only if 

2 (fcono + nk) (mo^o + 1™) ~ 2 A;omo (nl) — 2 fco^o (nm) 
—2 nom-o (kl) — 2 no^o (km) — 2 (k x n) (m x 1) 
= 2 [mk) (In) + 2 (Ik) (nm) - 2 (nA;) (Im) 

+4 (kn) (ml) - 4 (km) (nl) . (99) 

For the right part we have 

The right = 2(moA;o — mk)(/ono — In) 
+2(/oA;o — lk)(nomo — nm) — 
— 2(noA;o — nk)(/om-o — Im) 
+4(kn) (ml) - 4(km) (nl) 
= 2mQk()nQmQ — 2moA;o(ln) — 2/on,o(nik) + 2(mk)(ln) 
+2/o^o nQiTiQ — 2/o^o(nm) — 2nomo(lk) + 2(lk)(nm) 
—2lQkQ norriQ + 2nokQ(lm) + 2/oni-o(nk) — 2(nk)(lm) 

+4(kn) (ml) - 4(km) (nl) , 

that is 

The right = 2mokonomQ — 2mQkQ(ln) — 2/ono(mk) — 2(mk)(ln) 

-2loko{nm) - 2nomo(lk) + 2(lk)(nm) 
+2no/co(lm) + 2/omo(nk) + 2(nk)(lm) . (100) 

Taking in mind the identity 

- 2 (k X n) (m X 1) = -2 eabchnc ^apsmph 

= -2 {5bp 5cs - Sbs Sep) kbUc rupls = -2 (km) (nl) + 2 (kl) (nm) , 

for the left part 

The left = 2kQnQmolo + 2A;ono(lm) + 2mo?o(nk) + 2(nk)(lm) 

—2 korriQ (nl) — 2 kol^ (nm) — 2 nQUiQ (kl) — 2 no^o (km) 

-2 (km) (nl) + 2 (kl) (nm) . (101) 

Indeed, equations (D.20) and (D.21) are the same. 
However, the most simple form is (see 1)950 : 

ko + \i. a no — n a 

—Iq — 1 fj mo —ma 
det G = (kk) (mm) + (nn) (U) + 2 [kn] [ml] 
— 2(A;on + nok — ikxn)(mol + /oni + imxl). (102) 

Let us consider several particular cases. 



G 
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Variant A 



G 



+ 1 

fco + k fj 



-In - \u 



no 

mo —ma 



n 

n a 



in , m — J- im , k — > ik , 
ko + i\ia no — i n a 

-Iq — il a mo — i ra a 



det G = [kk] [mm] + [nn] [II] + 2 {kn) (ml) 
+2(A;on + nok + kxn)(mol + /om — mxl). 

Variant B 



(103) 



G{k,n) 



fco + k (T no — n (T 



— ng - n* (T fcg ~ 



det G = (kk) ik*k*) + (nn) (n*n*) + 2 [kn] [k*n*] - 
-2 ( feo n + no k - i k X n ) ( /cq n* + rig k* + i k* x n* ) . 

Variant C 



(104) 



mo = +ko , lo = no , m = -k , 1 = -n 

fco + ika no — i n a 

G = 

—no + i nd /co + ^ka 
det G = [kk]^ + [nn]^ + 2 {knf -2(A;on + nok + kxn)^ 



(105) 
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